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1
$f= \sum_{7\iota=1}^{\infty}a.,,q^{\uparrow 1}$ $\Gamma_{1}(N)$ 2 newform . , newform
, Hecke , $a_{1}=1$
. $\text{ }f$ $\mathrm{p}_{\mathrm{o}\mathrm{u}\mathrm{r}}\mathrm{i}\mathrm{e}\mathrm{r}$ $\mathrm{C}$
$K_{f}\cdot:=\mathrm{Q}(\{a_{?}\}_{\eta}1=1)\infty$ . $A_{f}\cdot/\mathrm{Q}$ $f$
Shimura Abel ([13], [14]). , $A_{f}$ Q- Abel
modular Abel . $A_{f}$ . $K_{j}$ .
– ,
$\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}}(AJ^{\cdot})\otimes \mathrm{Q}\cong K_{f}$.
. $\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}}(A_{f}\cdot)\otimes \mathrm{Q}$ , $A_{f}$. $\mathrm{Q}$
Q- . , $A_{f}$. $\overline{\mathrm{Q}}$ Q-
f $=\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}}(A_{f}\cdot)\otimes \mathrm{Q}$ [ $9|,$ [ $8|$ .
, $f$ .
(1) $f$ CM ;
(2) $f$ Haupt 2 newform ( $f$ $N$
$\Gamma_{0}(N)$ 2 newform );
(3) $K_{f}$. 2 .




CM- $E\cross E$ $\overline{\mathrm{Q}}$ . )
. , (2) $K_{f}$. ,
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(3) $K_{f}$. 2 . , $A_{f}$. $\mathrm{Q}$
2 $K_{f}$. Abel . $\mathfrak{X}_{f}$. , ,
$K_{f}\cdot$ , M2(Q) $\mathrm{Q}$ .
, extra twist $([9|, [8])$ .
$f$ , $\chi$ Dirichlet . $f$ $\chi$
extra twist ,
$a_{l^{y}}=\sigma\chi(p)aq_{J}$
$p$ . $\sigma$ $K_{f}\cdot/\mathrm{Q}$
.
$S_{\overline{2}}^{0}.(N)$ $\Gamma_{0}(N)$ 2 newforms , $f\in S_{\underline{)}}^{0}.(N),$ $\sigma$
, $f^{\sigma}=\Sigma a_{7l}q\sigma \mathcal{R}$ $S_{2}^{0}(N)$ new-
form . , $\chi$ 7 Dirichlet ,
(P, $r$ ) $=1$ $p$ $b_{\mathit{1}^{J}}=\chi(p)a_{p}$ - new-
form $g= \sum b_{tl}q^{ll}$ , $g$ $f\otimes\chi$ , $f$ $\chi$
extra twist
$f^{\sigma}=f\otimes\chi$
. $\chi$ (1) - .
, $\chi$ 2 , $r$ $r^{2}|N$ .
$n$ $a_{l1}^{\sigma}=\chi(n)a_{1}$, . , $\chi$ - 2
, , $\chi=\chi,$ . .
1 $f$ , $\chi=\chi,$ . extra twist
. ,
$\mathfrak{X}_{J}\cdot=(\frac{d,\chi(-1)r}{\mathrm{Q}})$
, $( \frac{a,b}{\mathrm{Q}})$ $\mathrm{Q}$ $\text{ }\overline{\pi}\text{ _{}R^{-\subset}}^{\mathrm{F}},\backslash$ , $\ovalbox{\tt\small REJECT}\triangleright$ $x^{2}-ay-b\underline{)}z^{\underline{)}}+$
$abw^{2}$ . , $d$ $K_{f}$. $\neq\backslash \prime \mathrm{I}$ $B\mathrm{I}\mathrm{j}\text{ ^{}-\subset}\backslash ^{\backslash }$ .
$[9|, [8]$ $\text{ _{}\mathrm{J}t\mathrm{o}}^{;\pm\ovalbox{\tt\small REJECT}}|$ \emptyset lh . 1
$f$ extra twist , $X_{f}\cdot=K_{f}$. . $f$ extra twist
, $A_{f}\cdot/\overline{\mathrm{Q}}$ CM
, $\mathrm{Q}$ Abel .
$X_{f}$. , $A_{J}$. $\mathrm{Q}\mathrm{M}(=\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{m}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}_{\mathrm{P}^{\mathrm{l}\mathrm{i}\mathrm{i}})}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{n}$
143
, $A_{f}$. (modular ) QM- Abel .
2 $f\in S_{2}^{0}(N)$ , $A_{f}$. $\mathrm{Q}\mathrm{M}$
. $N$ $P$ , $\nu=\nu_{q}$) $p^{l^{\ovalbox{\tt\small REJECT}}}||N$ ,
.
(1) $p=2$ $2\leq\nu\leq 10$ ,
(2) $p=3$ $2\leq l\text{ }$ $\leq 5$ ,
(3) $p\geq 5$ $\nu=2$ .
, $N$ $2^{5}$ , $P$
$p\equiv 3$ (mod 4) .
$f$ extra twist . $N$
, $X_{J}\cdot=\mathrm{M}_{\mathit{2}}(\mathrm{Q})$ ([10], Theorem 2). , $A_{/}$.
$\mathrm{Q}\mathrm{M}$ $N$ $\nu\geq 2$
. , $N$ $p$
$s=s_{l^{J}}= \lceil\frac{\nu}{2}-1-\frac{1}{p-1}\rceil$
( $\lceil x\rceil$ $n\geq x$ $n$ ). , [ $3|$ Theorem
5.5 $x_{J}$. $p>2$ $\mathrm{Q}(\zeta+\zeta^{-1}),$ $p=2$ $\mathrm{Q}(\zeta^{\underline{)}}+\zeta^{-\underline{)}})$
. $\zeta=\exp(2\pi i/p^{6})$ . $\nu$ .
[ $10|$ Theorem 2 [ $1|$ Theorem 7 . 1
QM- modular Abel $A_{f}\cdot/\mathrm{Q}$ , [7] .
$N=243=3^{\overline{;)}},$ $K_{f}\cdot=\mathrm{Q}(\sqrt{6}),$ $\chi=\chi_{3}.=(^{\underline{-3}}.)$ , $\mathfrak{X}_{f}=(\frac{6,-3}{\mathrm{Q}})$
6 . $N\leq 300$ , - QM-
Abel $/\mathrm{Q}$ . , $A_{\mathit{1}}$ . QM- Abel
,
. , $301\leq N\leq 3000$ $N$
.
2
$301\leq N\leq 3000$ $N$ 2 41
, , $S_{2}^{0}.(N)$ Q- .
, Hecke $([6],[15],[11])$ . 1 .
[ $2|$ Table 5 ,
144
. , $(1\cdot 3\cdot 4,1\cdot 243)$ $\text{ }(1+3+4,1+2+2+2+2+3)$
.
145
1 2 Q- 198 . ,
Abel QM- 18 .
.
(1) $N=675=3^{3}\cdot 5^{2}$ . $\dim S^{0}.z(675)=25$ ,
$S_{2}^{0}.(675)$ Q- Hecke $T(p)(p\leq 19)$
2 ( $\mathrm{A}\mathrm{t}\mathrm{k}\mathrm{i}\mathrm{n}-\mathrm{L}\mathrm{e}\mathrm{h}\mathrm{n}\mathrm{e}\mathrm{r}$ $W\underline{\cdot)}\tau,$ $W_{\Delta^{-}}..$
)
). , extra twist Q- 2
4 . 2 , $K_{f}\cdot=\mathrm{Q}(\sqrt{7}\mathrm{I}$ ,
$\chi_{3}.=(^{\underline{-3}}.)$ extra twist , 1 $\mathfrak{X}_{f}=(\frac{7,-3}{\mathrm{Q}})=$
$\mathrm{M}_{2}(\mathrm{Q})$ . , 2 4
newform $f=\Sigma a_{l},q7\mathfrak{j}$ , $K_{f}\cdot=\mathrm{Q}(\sqrt{2})$ , $f$
3 $\mathrm{p}_{\circ \mathrm{u}\mathrm{r}}\mathrm{i}\mathrm{e}\mathrm{r}$ . 3 $f\otimes\chi_{3}.\cdot,$ $f\otimes\chi_{)}^{-}.,$ $f\otimes\chi_{1}.-$
)
. , 4 newform ,
$f^{\sigma}=f\otimes\chi_{3}.$ , $(f\otimes\chi.\ulcorner))\sigma=f\otimes\chi 1!^{-})=(f\otimes\chi\overline{!)})\otimes x:$;
. $f$ $g=f\otimes\chi_{)}^{-}$. $\chi_{3}$ extra twist
, 1 $\mathfrak{X}_{f}\cdot,$ $X_{g}$ 6 $( \frac{2,-3}{\mathrm{Q}})$ .
, $A_{f}\cdot,$ $A_{g}$ QM- Abel .
146
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(2) $N=972=2^{2}\cdot 3)$ . $\dim S^{0}.z(972)=12$ , 2
Q- ( 1, 4 ). $f=\Sigma a_{l},q\prime l$
newform ( ) . $f$ 5 Fourier
. $K_{f}\cdot=\mathrm{Q}(\sqrt{2})$ , $f^{\sigma}=f\otimes\chi_{3}.\cdot$ , $N=$
$675$ , $A_{f}$. 6 QM-
Abel .
148
(3) $\mathfrak{X}_{f}$. 6 QM- Abel $A_{f}$ .
, $N=1323$ ,1568, 1849, 2592 $N=2601$ .
, $N=1849$ 1 , $N=1323$ , 1568, 2601 2
, $N=2592$ 4 . 6 , newforms
Fourier . $\text{ }$ , $\chi$ extra
twist, Atkin-Lehner . $301\leq N\leq 3000$
, 6 , (1), (2) ,
.
, , QM-Abel
twist . $N=1323$ 2 ,
$\chi_{\overline{\prime}}$ -twist ( , Hecke
. )
(4) 6 QM
, $N=1568$ 14, $N=2700$ 10
149
$(/\mathrm{Q})$ $\mathrm{Q}\mathrm{M}$ Abel $A_{f}$. . ,
$\mathrm{F}\circ \mathrm{u}\mathrm{r}\mathrm{i}\mathrm{e}\Gamma$ . ( (3) . )
7: Fourier coefficients of $f= \sum a,,q^{\prime\}}$
$301\leq N\leq 3000$ , QM Abel $A,.\cdot$
18 . (3) ,
, twist . , $301\leq N\leq 3000$ ,
modular QM-Abel $A_{f}$. , twist , 10
.
3
(1) , $f$ $\Gamma_{0}(N)$ newform , $\mathrm{Q}$
$\mathrm{Q}\mathrm{M}$-Abel , $f$ ( $\mathrm{N}\mathrm{e}\mathrm{b}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{y}\mathrm{p}_{\mathfrak{U}}\mathrm{s}$ character) UF’
, $N=44,56,57,77$ , etc. level QM-
Abel ( [12]). , $A_{f}$ . 4
, 2 ( Galois ) QM-Abel
, $\mathfrak{X}_{f}\cdot=\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}(}A_{f}\cdot$) $=\mathrm{M}_{2}(D)$ , $D$ $/\mathrm{Q}$ ,
.
(2) $\nu=4$ 6 , $2^{l\ovalbox{\tt\small REJECT}}||N$ level $N$ newformS ,
level $2^{\mathrm{r}\iota}M$ , $0\leq\alpha\leq\nu-1,$ $M=N/2^{1\ovalbox{\tt\small REJECT}}$ newforms twist
([1]). $S_{\mathit{2}}^{0}(2’\ovalbox{\tt\small REJECT} M)$ ( $l\ovalbox{\tt\small REJECT}=4$ 6; 2 $\int M$ )
$s_{2}^{0}.(2^{\prime\downarrow}M)$ , $0\leq\alpha\leq\nu-1$ .
, 1 $S_{2}^{0}.(2^{\downarrow M)}/, S_{2}^{0}.(2^{(})M)$ ( $M$ )
.
(3) , $p=3$ , $l\ovalbox{\tt\small REJECT}=2,3,4$ ,
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5 $3^{l\ovalbox{\tt\small REJECT}}||N$ $N$ QM-Abel . – , $p=2$





$l\ovalbox{\tt\small REJECT}=4,6$ . )
(4) , $f$ $\Gamma_{1}(N)$ CM newform , $\chi$ (2
) Dirichlet . ,
$\Gamma=\mathrm{r}_{J}^{\backslash }\cdot=\{\sigma : K_{f}\cdot(-, \mathrm{C}|f^{\sigma}=f\otimes\chi. (\exists\chi)\}$
Aut $(K_{f}\cdot/\mathrm{Q})$ . $\Gamma$ Abel , $\mathfrak{X}_{f}$. $\mathrm{Z}(\mathfrak{X}_{\mathit{4}}\cdot)$
$F_{f}$. $K_{f}\cdot/F_{f}$. Abel , $\mathrm{G}\mathrm{a}1(K_{f}\cdot/F_{f}\cdot)\cong\Gamma$ $([9],[8])$ .
1 , 2 , $f$ Haupt , $F_{f}=\mathrm{Q},$ $[K_{f} : F_{f}\cdot]=$
$|\Gamma|=2$ , $A_{f}$ . ( $\overline{\mathrm{Q}}$ ) . , (1)
$X_{J}\cdot=\mathrm{M}2(D)$ , $f$ , $F_{f}=\mathrm{Q},$ [ $K_{\mathit{4}}\cdot$ :
$F_{f}\cdot]=|\Gamma|=4$ . , $f$ Haupt , $F_{f}\cdot=\mathrm{Q},$ $[K_{f}\cdot : F_{J}\cdot]=$
$|\Gamma|=4$ , $X_{f}=\mathrm{M}2(D)$ , 1
. ( $S_{\Delta}^{0}.(N)$ , $N$ 2
.) ,
$\mathrm{Q}$ QM-Abel , .
(5) $f$ 1 , extra twist $=\mathrm{M}_{-}.$) $(\mathrm{Q})$
, (4) $F_{f}\cdot=\mathrm{Q},$ $[K_{J}\cdot : F_{f}\cdot]$ $=|\Gamma|=2$
, $A_{f}.\cdot$ $\overline{\mathrm{Q}}$ . ( $N=$
$63=3^{2}\cdot 7,$ $N=169=13^{2}$ , etc.) $N=1024=2^{10}$
(twist 2 ) (cf. (3)). $N=1024$ ,
$K_{i}\cdot=\mathrm{Q}(\sqrt{2})$ , extra twist $\chi_{8}$ .
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